Introduction
Sabidussi [24] proved that the chromatic number of the cartesian product of a set of graphs equals the maximum chromatic number of a graph in the set. No such result is known for more restrictive colourings (such as acyclic, star, and distance-2 colourings). This paper investigates such colourings of cartesian products under a general model of restriction, in which arbitrary bichromatic subgraphs are excluded. Our study leads to a number-theoretic problem regarding multiplicative Sidon sets that is of independent interest. This problem is then solved using a combination of number-theoretic and graph-theoretic approaches.
Let G be a graph with vertex set V (G) and edge set E(G). (All graphs considered are undirected, simple, and finite.) A colouring of G is a function c :
, is the minimum integer k for which there is a k-colouring of G.
Let F be a family of connected bipartite graphs, each with at least three vertices, called a forbidden family. A colouring c of a graph G is F-free if it contains no bichromatic subgraph in F; that is, |{c(v): v ∈ V (H)}| ≥ 3 for every subgraph H of G that is isomorphic to a graph in F. The 
F-free chromatic number of G, denoted by χ(G, F), is the minimum integer k for which there is an F-free k-colouring of G. When F = {H} is a singleton, we write H-free instead of F-free, and refer to the H-free chromatic number χ(G, H). The framework was introduced by Albertson et al. [2]
; an even more general model of restrictive graph colourings is considered by Nešetřil and Ossona de Mendez [18] .
F-free colourings correspond to many well-studied types of colourings. Let P n and C n respectively be the path and cycle on n vertices. Let C := {C n : n even}. Then C-free colourings are the acyclic colourings [4, 5, 10, 31] . Here each bichromatic subgraph is a forest. By a further restriction we obtain the P 4 -free colourings, which are called star colourings, since each bichromatic subgraph is a collection of disjoint stars [2, 4, 11, 17, 31] . A colouring is P 3 -free if and only if every pair of vertices at distance at most two receive distinct colours (called a distance-2 colouring). That is, χ(G, P 3 ) = χ(G 2 ). Here G k is the k-th power of G, the graph with vertex set V (G), where two vertices are adjacent in G k whenever they are at distance at most k in G. Often motivated by applications in frequency assignment, colourings of graph powers has recently attracted much attention [1, 16] . By definition,
The cartesian product of graphs G 1 ,... ,G d , denoted byG = G 1 G 2 ··· G d , is the graph with vertex set
